A study of quasi superharmonic functions in Brelot spaces is introduced. A characterization of quasi superharmonic functions, in Brelot spaces, in terms of harmonic and finely harmonic measures is given. We prove that a Borel function is quasi superharmonic function if and only if it is a lower envelope of a class of superharmonic functions.
Introduction
Let Ω be a Hausdorff connected, locally compact, non-compact space satisfying the second axiom of countability. Suppose that there is a system of harmonic functions on Ω satisfying the Brelot axioms. More precisely, the system of the harmonic functions satisfies the sheaf property, there is a base of open set, called regular, where Dirichlet problem is solvable and the limit of an increasing sequence of harmonic function is either harmonic or identically infinity. Moreover we assume this system satisfies the domination principle for superharmonic functions (Axiom D). We assume that there is a potential > 0 on Ω. We also assume further that constants are harmonic. Where μ ω x is the harmonic measure at x with respect to ω.
The set of all superharmonic (respectively nonnegative superharmonic) function on Ω will be denoted by SH(Ω) (respectively SH + (Ω)).
Now we can ask what class of functions we get if either (a) or (b) in the above definition is relaxed or strengthened.
In [2] B. J. Cole and T. J. Ransford proved that: If u is a locally lower bounded function, with some measurability assumption, defined on a Euclidean Green open set Ω ⊂ R n , n ≥ 2. Then u is quasi superharmonic (i.e. u(x) ≥ u dμ for each x ∈ Ω and every Jensen measure μ for x on Ω) if and only if u is the infimum of all superharmonic functions v, on Ω, such that v ≥ u.
The authors in a later paper [3] proved implicitly that in the above result, it is enough to consider the harmonic measures instead of all Jensen measures.
In this note, the above result is extended to a general set up of axiomatic Brelot spaces. A characterization of quasi superharmonic function is given in terms of finely harmonic measures. We kept the above assumptions on the function u, that is: u is never −∞, and u is locally lower bounded. But we replace the measurability condition, which is in terms of analytic sets, by assuming that u is a Borel function because it is more natural. However our starting point is more elementary and we derive the very important Cartan convergence theorem as a consequence.
Preliminaries
Let E be a subset of Ω and u be any function ≥ 0 on E. The reduced function of u relative to E, R E u is defined as the following:
and its lower semicontinuous regularization,R E u , is called the Balayaged function of u relative to E.
For a domain ω ⊂ Ω such that E ⊂ ω, the restriction of R E u to ω is defined as the following: 
A set E is a polar set in Ω if there exists superharmonic function u ≥ 0, such that u = ∞ in E. Also, E is a polar if and only if there exists a superharmonic function u > 0 in Ω such thatR E u (x) = 0 for some point x ∈ Ω. For a polar set E and a point x ∈ Ω, there exist a nonnegative superharmonic function u such that u = ∞ on E\{x} and u(x) < ∞. The term "quasi-everywhere means except for a polar set. For more details see [1] .
If A is a Borel subset of Ω and μ a finite positive regular measure on Ω, then there exists a unique regular measure μ A (called balayaged measure) such
An important special case is the case when μ = δ x for some x ∈ Ω. In this case δ A x is defined by the relation:
In the case when A = Ω − ω, where ω is an open set containing x, the measure δ
is just the well known harmonic measure, μ ω x . For details, see [4] .
The fine topology on Ω is the coarsest topology on Ω which is finer than the given topology and makes every superharmonic function continuous.
In equation (1) 
Finally, we recall that the lower semicontinuous regularization of a function u, denoted byû, is the greatest lower semicontinuous function ≤ u. Moreover, for every point x ∈ Ω:û (x) = lim inf y→x u(y).
For details, see [5] . 
Jensen measures
x ∈ U 1 ⊂ U 2 then J x (U 1 ) ⊂ J x (U 2 ) because SH(U 2 ) ⊂ SH(U 1 ). Remark 2.1. If E is a polar set in Ω, x ∈ Ω and μ ∈ J x (Ω) then μ(E\{x}) = 0. To see this let u be a nonnegative superharmonic function in Ω such that u = ∞ on E\{x} and u(x) < ∞. Then ∞.μ(E\{x}) = E\{x} u dμ ≤ u dμ ≤ u(x) < ∞.
Quasi superharmonic functions Definition 3.1. An extended real valued Borel function u : Ω → (−∞, ∞] is said to be quasi superharmonic on Ω if it satisfies the following two conditions: (i) u is locally bounded below.
(ii) for each x ∈ Ω and each μ ∈ J x (Ω), u satisfies the inequality
It can be easily seen from the definition that superharmonic functions are quasi superharmonic functions, and the limit of an increasing sequence of quasi superharmonic function is quasi superharmonic. Lemma 3.1. Let u be an extended real valued Borel function which is locally lower bounded. Suppose that for each x ∈ Ω, u satisfies the following inequality:
Thenû is a superharmonic function and u =û quasi everywhere.
Proof.û, is superharmonic function because u is nearly superharmonic, see [1] .
To show that u =û quasi everywhere we must show that the set {x : u(x) > u(x)} is a polar set. Let us first assume that u is bounded above. Since the set {x : u(x) >û(x)} can be written as a countable union of sets of the form A = {x : u(x) −û(x) > a}, it is enough to prove that A is polar. Because the set A is Borel we only have to show that every compact set K ⊆ A is polar. Let K be a compact subset of A and let ω be a regular open set such that K ⊂ ω ⊂ ω ⊂ Ω. The function u is locally lower bounded therefore, there exists a positive number A such that u + A ≥ 0 in ω. So, without loss of generality we may assume that u ≥ 0 on ω (otherwise we consider u + A). μ
Axiom D implies that (R K u ) ω is the greatest harmonic minorant ofû in ω − K, so inequalities (4) imply that
So K is a polar set in ω and thus a polar set in Ω. For the general case, let u n = min{u, n}. Then for each n, u n is a bounded above quasi superharmonic function. By the above argument, min{û, n} =û n = u n outside a polar set, say E n . Let E = n E n . The set E is polar and ∀n we haveû n (x) = u n (x) ∀x / ∈ E, which implies that 
3.û is a superharmonic function and u =û quasi everywhere.
In fact, for a relatively compact finely open set V and x ∈ V , the measure δ Ω\V x it is compactly supported because it is supported by ∂ f V ⊂ ∂V . Moreover, if u is a superharmonic function on Ω. Then u is finely superharmonic function and, by definition of finely superharmonic functions, u satisfies the inequality
is a probability measure because 1, −1 are finely superharmonic functions satisfy the above inequality. Hence for x ∈ Ω we have the relation F H x (Ω) ⊂ J x (Ω).
(2) ⇒ (3) The fact that H x (Ω) ⊂ F H x (Ω) and lemma 3.1 imply the result. u is a superharmonic function and the set E = {y ∈ Ω :û(y) < u(y)} is a polar set. Let > 0 and w be a nonnegative superharmonic function such that w = ∞ on E\{x} and w(x) < . There are two cases to be considered: x / ∈ E or x ∈ E. If x / ∈ E, i.e.û(x) = u(x), then the functionû + w is superharmoniĉ u + w is ≥ u, which implies that inf{v ∈ SH(Ω) : v ≥ u} ≤û + w. Taking the infemum over all such v s implies that u(x) ≥ u dμ. This proves (1) . The proof is completed.
